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Abstract
The specific mechanisms which leads to the formation of fractal nanostructures by pulsed
laser deposition remain elusive despite intense research efforts, motivated mainly by the tech-
nological interest in obtaining tailored nanostructures with simple and scalable production
methods. Here we focus on fractal nanostructures of titanium dioxide, TiO2, a strategic ma-
terial for many applications, obtained by femtosecond laser ablation at ambient conditions.
We model the fractal formation through extensive Monte Carlo simulations based on a set
of minimal assumptions: irreversible sticking and size independent diffusion. Our model is
able to reproduce the fractal dimensions and the area distributions of the nanostructures ob-
tained in the experiments for different densities of the ablated material. The comparison of
theory and experiment show that such fractal aggregates are formed after landing of the ab-
lated material on the substrate surface by a diffusive mechanism. Finally we discuss the role of
the thermal conductivity of the substrate and the laser fluence on the properties of the fractal
nanostructures. Our results represent an advancement towards controlling the production of
fractal nanostructures by pulsed laser deposition.
Introduction.
Fractal structures are commonly found in different natural processes.1 While their geometrical fea-
tures are quite universal, the mechanisms of their formation can be very different. In view of the
technological applications, fractal nanostructures at the nanoscale have been widely investigated in
surface science. They are at the base of recent proposals for sensing devices2 and optical devices.3
The realization of fractal nanostructures would also allow enhancing the selectivity behavior of
catalyst material with high porosity4 or to increase the performances of super-capacitors.5 Under-
standing the mechanism of fractal nanostructures formation with the aid of theoretical models is
an essential step towards building engineered microdevices with tailored properties.
Fractal nanostructures have been obtained on various substrates, by deposition of the target
material ejected as a plume due to the laser ablation process.6,7 This technique, known as pulsed
2
laser deposition (PLD), has been used in various environments (liquids, high gas pressures) and
with different laser pulses characteristics (pulse length, wavelength, fluence, polarization). Fractal
aggregates obtained from thousands of ns pulses have been demonstrated in water8 and at high
argon pressure .9,10 When the laser pulse duration is reduced to less than a picosecond, PLD
enters in the femtosecond regime (fs-PLD), and a different physical mechanism for ablation sets
in.11 In this case, since the pulse duration is shorter than the electron-phonon relaxation time,
which is of the order of few picoseconds, the ablation mechanism is not due to thermal melting
as in the ns case. Fractal nanostructures in the fs-PLD regime have been reported in different
conditions.6,7,11,12
Various formation mechanisms have been conjectured for fractal nanostructures in PLD ex-
periments: they could form in flight during the plume expansion13 or by nanoparticle diffusion
and aggregation on the surface7 or in both ways. In the literature it was suggested that diffusion
of the ablated material after landing should play an important role in the fractal formation. Such
conclusion were based the fact that the fractal dimension of the aggregates7 found in PLD exper-
iment is compatible with the fractal dimensions obtained in numerical experiments with diffusion
models of nanoparticle aggregation. On the other side fractal dimension is not a very sensitive
quantity: fractals obtained by very different mechanisms can have the same fractal dimension. For
these reasons different indicators to sort out fractal dynamics are needed, such as the area distribu-
tion of fractal nanostructures, which, together with the fractal dimension, can help to discriminate
between different formation mechanisms.
Here we analyze experimental data of Titanium dioxide (TiO2) nanostructures obtained by
fs-PLD in air at ambient conditions on different substrates. TiO2 is a strategic material in many
technologically important areas, such as heterogeneous catalysis,8,14,15 photo-assisted oxidation,16
optical17 and photovoltaic18 devices. Under the same experimental conditions (laser fluence,
pulse duration, polarization, distance of the target from the substrate, see Methods) we found
that different nanostructures are formed on different substrates, ranging from single nanoparticles
on graphite, ramified fractals on silicon and long fractal chains on quartz. This shows that pro-
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cesses occurring on the substrate, after landing of the ablated material, are essential to explain the
nanostructures formation.
We propose a model for fractal formation in which single nanoparticles, formed during the abla-
tion process or during the plume expansion, land on the substrate and then diffuse and aggregate to
form larger nanostructures of fractal dimension, see 1. We simulate nanoparticle diffusion and ag-
gregation using a Diffusion Limited Cluster Aggregation (DLCA) model.19,20 DLCA models have
been extensively used in literature and they can vary in many specific features, such as dependence
of diffusion on the nanoparticle size, degree of reversible aggregation, mobility of nanoparticles on
a larger cluster (edge diffusion). Our model is based on a set of minimal assumptions: irreversible
sticking and size independent diffusion probability.
The initial nanoparticle area distribution, from which substrate diffusion calculation starts, is
retrieved from the experimental data. To this end we use experimental data from the HOPG sub-
strate ( 1a), where nanoparticle aggregation is negligible and the initial distribution is composed
mainly of single nanoparticles, 2a. From this initial nanoparticle area distribution, the DLCA al-
gorithm is able to reproduce the main qualitative and quantitative experimental features for other
substrates (silicon, quartz, 2b,c), where nanoparticle aggregation is essential to explain the ob-
served experimental distribution, by changing only the simulation time.
The fractal structures obtained numerically look very similar to the experimental ones. More-
over our model reproduces not only the fractal dimensions of the nanostructures, but also their area
distribution for different densities of the ablated material on the silicon substrate, where most of
our experimental data are collected.
Results and Discussion
In 2a, c, e, experimental images of TiO2 nanostructures obtained by fs-PLD on different substrates
are shown. The deposition of Ti by fs-PLD under the same experimental conditions, results in
very different nanostructures depending on the substrate types, 2, indicating that the substrate is
4
Figure 1: Main steps of the Monte Carlo Method implemented to reproduce fractal structures
found experimentally. a) Histogram of the initial probability density distribution P(A) of 5× 103
single TiO2 nanoparticles areas (A) extracted from experimental data obtained on HOPG substrate,
see (2a). The histogram is normalized so that
∫ ∞
0 P(A)dA = 1. The fitting formula (blue curve) is
given in ?? and normalized as the histogram. b) spherical nanoparticles of different sizes, extracted
from the probability distribution P(A), are randomly distributed on a two dimensional surface and
let diffuse isotropically in the four main directions. c) when touching nanoparticles aggregate
irreversibly. The cluster thus formed can also diffuse with a size independent probability and
aggregate irreversibly when touching. The process is halted when the same number of clusters per
unit area is reached of the experimental images. For more details see text.
playing a main role in determining the aggregation behavior. The fractal dimension Df of the
nanostructures was computed using the counting box method described in Methods. Results are
reported in Table 1.
On HOPG ( 2a), we observe no fractal nanostructures, apart from very small aggregates of
few NP. The distribution on HOPG is composed mainly of single nanoparticles with diameters
ranging from 6− 7 nm up to more than 100 nm, see histogram plotted in 1a. On silicon (native
silicon oxide, 2c), we observe fractal aggregates randomly ramified, composed of NP with a similar
range of diameters. On quartz we observe an unexpected behavior: structures very similar to one
dimensional chains, composed of aggregated NP, 2e, with a fractal dimension (see Table 1). Such
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chains are extending up to almost a mm of length with a lateral dimension of few nm, with a
length/width ratio up to 5 order of magnitude, see 6 in Methods.
Figure 2: SEM images (5.6×5.6µm2) of TiO2 deposited on HOPG (a), Silicon (c) and quartz (e)
by fs-PLD, are compared with results of numerical simulations. In panels b), d) and f) we show the
Monte carlo simulations obtained with the diffusive model at the same coverage. The numerical
simulations shown have been made on a grid of 800× 800 pixels and at different coverages, cor-
responding to the experimental images. Transparency were used in the simulated images to make
them more similar to the experimental one.
These data strongly suggest that nanostructures are not formed by aggregation of NP during the
plume expansion from the target material to the substrate surface, but they are rather the result of
an aggregation mechanism which occurs after landing of the ablated material on the substrate. This
experimental evidence is the starting point for our model of the NP based structure formation. We
assume that after ablation, NP of different diameters land on the substrate with a random spatial
distribution. The initial distribution of NP diameters for all type of substrates has been obtained
by fitting the experimental area distribution obtained from the HOPG samples, see 2a, where NP
basically do not form larger aggregates and surface aggregation is playing a negligible role. For
the TiO2 NP area distribution, shown in 1a, we obtained the following fitting bi-exponential law:
P(A) = P1e−A/A1 +P2e−A/A2 (1)
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Table 1: Fractal dimension Df of numerical simulations are compared with experimental
ones. For the HOPG, there are no fractals, so that Df = 1 both for the experimental and the
numerical case. For the case of TiO2 on quartz the Df has been computed for the fractal
structures along the defect only.
Substrate/Coverage Experimental Numerical
Fractal Dimension Fractal Dimension
TiO2 on Silicon
10% coverage 1.42 1.36
2 c,d)
TiO2 on Silicon
20% coverage 1.44 1.45
3 b,c)
TiO2 on graphite
6% coverage 1 1
2 a,b)
TiO2 on quartz
5% coverage 1.23 1.32
2 e,f)
where A is the NP area in nanometers squared and P1 = 5.58 10−4 nm−2, P2 = 5.58 10−6 nm−2,
A1 = 1700 nm2, A2 = 9200 nm2.
After landing on the substrate surface, we further assume that nanoparticles can diffuse and
aggregate to form clusters. We described such process with a diffusion and aggregation model, be-
longing to the class of DLCA models,19,20 which we implemented using Monte-Carlo simulations.
The model is based on a set of minimal assumptions, see 1:
1. We simulate the impinging ablation plume with spherical NPs arriving on the substrate with
a random distribution. The NP diameter distribution is given by the fitting formula (??). The
NPs low-diameter cut-off is set to 5nm, that is the smallest diameter observed experimentally.
If the initial deposition yields two or more NP touching each other, they are counted as a
larger cluster. At first most clusters are formed by only one NP and the total number number
of clusters is counted.
2. NP and clusters of NP can diffuse isotropically on the substrate surface; each cluster can
translate with equal probability in one of the four directions (up-down, left-right) on the
surface. The probability to move in one direction is p/4, so that at every time step, each
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cluster has a probability p to move and 1− p not to move.
3. At each Monte Carlo step, the cluster are moved according to their probability and then
the number of clusters is counted again. The clusters of NP formed as a consequence of
moving cannot be deformed or rotated, but can only translate on the surface in the four main
directions. When two clusters touch, they stick together irreversibly.
4. We assume that each NP/cluster diffuse with a size/mass independent probability.
5. In order to compare numerical simulations with experimental data, the simulations are halted
when the same number of clusters per unit area present in the experimental images is reached.
Note that this choice implies that the numerical results are independent of the precise value
of p used in the simulations.
Examples of the numerical results obtained with our model for diffusion and aggregation, are
shown in 2b, d, f and can be compared with experimental SEM images shown in the upper panels
of 2. The numerical results show a good qualitative resemblance to the experimental image.
When TiO2 is deposited by fs-PLD on HOPG, the experimental data in 2a show that no aggre-
gates are formed and the fractal dimension is Df=1. A random deposition of nanoparticles without
diffusion, following the probability distribution expressed in (??), reproduces the experimental
data, see 2b. On the other side, in order to reproduce the ramified fractal structures obtained on
the silicon substrate, we used our model of diffusion and aggregation of nanoparticles. The nu-
merical results are shown in 2d for the low coverage case (10%) and should be compared with the
experimental image in 2c. The fractal dimension is near the value found from the experimental
distribution, see 1 . To reproduce the long fractal chains found on quartz substrate, see 2e and 6,
we modified our diffusive model further assuming that on the surface there is a defect represented
by a line in a given direction. When a cluster reach such line, diffusion is halted for that cluster,
which can however grow if smaller clusters reach it. The result of numerical simulations within
this assumption is shown in 2f. For this case we chose a line defect with the same direction of the
fractal chain in the experimental image, see 2e.
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In order to highlight the effect of diffusion and to rule out the possibility that fractal structures
could be formed by aggregation of NP upon randomly landing on the surface, without diffusion, we
analyze in 3 the case of TiO2 fs-PLD on silicon at high coverage (20%). The result of a numerical
simulation where only random deposition of nanoparticles is considered without diffusion and
aggregation is shown in 3a. The result is clearly different from the experimental data in 3c, which
instead well resembles our numerical results including diffusion in 3b. This further confirms that
the NP diffusion is essential to reproduce the experimental results.
(a) SIMULATION: RANDOM DEPOSITION (b) SIMULATION: DIFFUSION (c) EXPERIMENT
Figure 3: Numerical simulations are compared with experimental images of TiO2 deposited on sil-
icon by fs laser ablation. Left panel: Monte Carlo simulation of the initial distribution of nanopar-
ticles without diffusion with the same coverage of the experimental image shown in the right panel.
Central panel: Monte Carlo simulation obtained with the diffusive model described in the text at
the same coverage of the experimental image. Right panel: part of a SEM image of TiO2 clusters
over a silicon surface with a resolution of 7 nm per pixel and a coverage of about 20%. The nu-
merical simulations are implemented on a grid of 800×800 pixels. Transparency were used in the
simulated images to make them more similar to the experimental one.
We have also simulated the case of a single large cluster, see 4. By comparing the experimental
image in 4a with numerical simulation in 4b one can note that the simulation is able to reproduce
the aggregation pattern very well down to the smallest NP.
Note that the fractal dimensions of the simulated nanostructures are in good agreement with
the fractal dimension of the experimental images, see 1. As already stated in the Introduction, dif-
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(a) EXPERIMENT (b) SIMULATION
Figure 4: (a) SEM image of TiO2 clusters on silicon surface with a resolution of 2 nm per pixel
and about 20% coverage (b) simulation made on a grid of 768×1024 pixels at 20% coverage. The
fractal dimension of the experimental cluster Df ≈ 1.36 is very close to the fractal dimension of
the nanostructures distribution obtained with our numerical simulation, Df = 1.4. Note that the NP
observed experimentally present faceted morphology, indicating a crystalline structure, while the
simulated NP are circular. Transparency were used in the simulated image to make it more similar
to the experimental one.
ferent mechanism of fractal formation can lead to structures with similar fractal dimension. Thus
we consider the area distribution of the nanostructures as a further test for the theory. The experi-
mental data on silicon are a good benchmark since a large statistics is available for the area of the
nanostructures for different coverages. In 5, the area distributions obtained for two different cov-
erages on silicon, are compared with the numerical results. The distribution obtained numerically
(red circles) is in good agreement with the experimental distribution, showing the effectiveness of
our model. For the 20% coverage case, shown in 5b, the algoritm overestimates the probability
for clusters with large area. This difference could be explained by the fact that experimentally
150 laser pulses have been used to obtain the sample, see Methods. Each pulse is separated by 1
ms, a time probably sufficient for the nanoparticles to thermalize. In our simulations we neglected
the effect of such multiple depositions, which can become relevant at higher coverages. Indeed
for large coverage newly arriving nanoparticles are more likely to land on pre-existing clusters,
resulting in a smaller area of the final fractal structures.
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In order to highlight the importance of the diffusive mechanism, we also reported in 5 the distri-
bution of the nanostructures obtained just after the random deposition of NP on the surface, before
diffusion (blue curve). The result clearly show that diffusion is essential to reproduce experimental
data.
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Simulated Deposition without Diffusion
a) b)
Figure 5: Comparison between the area distributions of fractals. a) 10% coverage case: black
histogram is the area distribution extracted from 2245 clusters deposited on an overall area of
1081µm2 (7 single images with an area of 155µm2), while red circles show the result of numerical
simulations extracted from 1599 simulated clusters. b) 20% coverage case: black histogram is the
area distribution extracted from 23869 clusters deposited on an overall area of 6030µm2 (19 single
images with an area of 317µm2), red histogram is extracted from 2998 simulated clusters. As a
blue dashed curve the distribution of the cluster area obtained just after randomly depositing the
nanoparticles on the surface and without diffusion is also shown. In order to have the same number
of clusters per unit area, the Monte Carlo steps for the 20% coverage case were one-third of the
steps used in the 10% coverage case.
The assumption of a size independent diffusion might appear counterintuitive, since larger
cluster are expected to diffuse less than smaller clusters. In order to check this assumption, we
compared the experimental data with numerical results obtained using a size dependent diffusion
probability. At variance with the size independent diffusion model, now nanoparticles and clusters
of different sizes have different probability to move. We implemented a model in which smaller
particles are more likely to move. Assuming that the mass of clusters is proportional to their
area, we modified the probability to move p as p ∝
√
A0
A , where A0 is the area of the smallest
nanoparticle and A is the area of the cluster we want to move. As in the previous cases, we
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halt the simulation when the same number of clusters per unit area of the experimental images is
reached. The fractal dimension obtained with the size dependent model is in reasonable agreement
both with the fractal dimension obtained from experimental data and with the fractal dimension
obtained with the size independent model: for the case of 10% coverage we obtain Df = 1.37,
while for the case of 20% coverage, we obtained Df = 1.49 (see Table 1 for a comparison with
experimental data and simulation with the size independent diffusion model). This confirms that
fractal dimension is not very sensitive to the specific mechanism of fractal formation. On the
other side, the area distribution obtained with the size dependent diffusion model (see 5), does
not agree with experimental data: the area distribution is more uniform with a lower number of
smaller clusters and a larger number of big clusters with respect to the experimental data. These
features are common to any size dependent diffusion mechanism. Indeed, they can be explained
with the fact that large clusters have a small probability to move so that growth occurs around
many aggregation centers. This result shows that the assumption of the size independent diffusion
reproduces the experimental results in a better way.
Discussion. The data presented here give evidence that fractal nanostructures obtained on
different substrates by fs-PLD of TiO2 in air and at room temperature (RT) are formed by diffusion
of the deposited NP on the surface. To rationalize these findings, we propose a possible substrate-
dependent mechanism of diffusion.
In PLD fractal structures are formed by nanoparticles with different diameters containing sev-
eral thousands atoms.12 The ablated material has very high temperature when it arrives on the
substrate: the thermal energy is stored in each NP due to the mechanism of plume generation.21
After deposition it is reasonable to assume that diffusion continues at a relevant rate until thermal-
ization between NP and substrate, which is at RT, occurs. Under the same experimental conditions
(laser fluence, distance of the substrate from the ablated target material, etc..) the NP temperature
will be the same on the different substrates. Thus the properties of the fractal structures will be
strongly influenced by the time the NP need to thermalize with the substrate and thus on its ther-
mal conductivity. We can expect a fast thermalization and small fractals for substrates with large
12
thermal conductivity, while a slow thermalization and the formation of large fractals for small
thermal conductivity substrates. This scenario is consistent with the experimental results shown
here, see (2) and in (6). For HOPG, which has a large in-plane thermal conductivity (σHOPG=1700
W/(m· K)), the ablated NP do not form any cluster. In the case of quartz, with thermal conductivity
(σSiO2=1.4 W/(m· K)) three order of magnitude lower than HOPG, we observe the formation of
chains up to hundreds of µm long, see (6) in supplementary material. For silicon, which has an
intermediate thermal conductivity (σSi=70 W/(m· K)), we have the formation of clusters with sizes
in between the two preceding cases. The connection between the properties of fractal aggregates
and the thermal conductivity of the substrate is very intriguing and further experimental data and
theoretical work are needed to analyze the relevance of the substate thermal conductivity. The
above discussion also suggests that fractal aggregates size should depend on the laser fluence since
this parameter will impact the initial temperature of the ablated nanoparticles at landing and might
also impact their area distribution.
The interpretation of our results is based solely on the role of thermal conductivity. We have
neglected the influence of the substrate roughness and substrate charging (except for the hypotesis
on quartz), for the following reasons: 1) the substrate rms roughness is the lowest for HOPG (less
than 0.1 nm), and similar for silicon and quartz (about 0.5 nm rms as deduced from AFM data), but
all in the same range. Since the fractals are not present only on HOPG, we can safely hypothesize
that it is not playing a role in determining the NP diffusion; 2) HOPG is conductive and the silicon
we used for our our experiments is doped (resistivity of few tens of ohm/cm) hence the NP can
transfer their charge to both surfaces after landing. The main difference observed in the fractal
morphology is in fact on the quartz surface, and we have provided a possible explanation of the
long fractal chains observed in the supplementary materials (6).
Some final clarifications are in order: i) in our simulations, each cluster diffuse with a probabil-
ity which is independent from its size. The good agreement obtained with the experimental data,
see (5), using such assumption could be explained by the fact that larger clusters loose their en-
ergy slower than smaller clusters, thus compensating their smaller mobility; ii) the diffusive model
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used in our simulations, the Diffusion Limited Cluster Aggregation (DLCA),20 have been widely
used in describing fractal formation in vapour phase epitaxy.22,23 In this case fractal structures are
composed of single atoms which are adsorbed on the surface from the gas phase, in vacuum and
at very low temperature. After the deposition, fractal aggregates are obtained by thermal diffusion
of single atoms, which move in a random walk until they stick irreversibly to another growing ag-
gregate. The situation is completely different and more complicated in the case of PLD at ambient
conditions where hot nanoparticles containing several thousands atoms12 land on a room temper-
ature substrate. Despite such complicated situation, we have shown that a simple diffusive model
is able to give a good description of the experimental results.
Conclusions
We analyzed the formation of nanostructures obtained by fs-PLD of TiO2 nanoparticles on differ-
ent substrates at ambient conditions. In summary, the main results are:
a) Experimental evidence that NP aggregates are formed on the substrate and not in flight: we
report the finding of nanoparticles on HOPG, fractal nanostructures on silicon, and hundreds
of microns long fractal chains on quartz.
b) Explanation of fractal formation mechanism by a simple diffusion model with a minimal set
of assumptions: size independent diffusion and irreversible aggregation. The Monte Carlo
simulations reproduce very well the observed fractal structures, including their fractal di-
mension and their area distribution. Often only the fractal dimension of nanostructures is
addressed when comparing experimental data with numerical results. As shown in this arti-
cle, the fractal dimension is not very sensitive to the specific mechanism of fractal formation.
Thus, taking into account other observables, such as the area distribution of the fractals, is
essential when comparing different models of fractal formation.
The results presented here are rationalized by taking into account the substrate thermal conductivity
as major factor in determining the NP aggregation behavior. Hence our results may open new ways
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for several technological applications to engineer NP aggregates with tailored fractal dimension
and area distribution by femtosecond pulsed-laser deposition at ambient conditions.
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Supporting Information Available
Experimental method
TiO2 NP were obtained by fs-PLD performed in air at room temperature (RT) using an amplified
Ti:Sapphire laser system. The laser pulses at a central wavelength of 800 nm have a time-width
of 120 fs FWHM at a repetition rate of 1 KHz, and the chosen laser fluence is 9.6J/cm2. A fast
mechanical shutter was employed to control the exact number of pulses striking onto the target.
Geometrical parameters such as sample-target distance and their relative angle are controlled by a
home-made manipulator. The laser beam-target angle is 45o, while the relative sample-target angle
is 0o for all data presented. All data have been taken on samples with ablated material obtained
by 150 consecutive pulses (0.15 s deposition time) on target, and then deposited over the substrate
surface placed at 2 mm from the ablation target, unless otherwise indicated. The substrates used
for deposition are standard silicon wafers cleaned with isopropanol (Chimica Omnia), highly ori-
ented pyrolitic graphite (HOPG, Micromash) and quartz. SEM images has been obtained with an
Ultra Plus field emission gun (Merlin system from ZEISS) and a 2D-LE electron column (FEG
gun on Gemini II column) at primary beam voltage Eb = 5KeV , using a nitrogen flux for charge
compensation on insulating substrates.
Nanostructures on Quartz
In (6) chains of nanoparticles extending up to almost a mm of length obtained by PLD on quartz
are shown. A possible explanation to the formation of such fractal chains could be due to the
presence of surface defects that are driving the surface diffusion of the NP along a preferential
direction. The defects might arise from polishing of the quartz surfac. An alternative explanation
of the formation of one dimensional fractal chains can be suggested by considering a Coulomb long
range interaction between NP. Since the NP are travelling in air at atmospheric pressure during the
plume expansion, they are interacting with the air molecules, thus having the possibility of getting
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Figure 6: a) SEM image (870× 570µm2) of TiO2 deposited on quartz in the same experimental
conditions as in (2 b).
charged. When landing on an insulating substrate such as quartz, the accumulated charge could
be partly maintained during diffusion, giving rise to a long range repulsion driving the formation
of the chains. A similar long range interaction has been already observed at the atomic scale for
alkali metal deposition on III-V (110) surfaces.24,25
Fractal Dimension
The fractal dimension of the aggregates have been obtained with an homemade fortran code using
the method of box counting:1 this method consists in counting how many square boxes, N(a), with
side a, are needed to cover the contour of the fractal clusters. The fractal dimension is then given
by the following formula:
N(a) ∝ a−Df. (2)
In order to compute the fractal dimension of both the experimental and numerical images we
have isolated the contour of the fractal structures. For a non fractal curve on a two-dimensional
surface we have Df = 1, since the number of boxes increases linearly with the size of the boxes,
while for a fractal curve on a two-dimensional surface 1 < Df < 2, since the details of the curve
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keep increasing by lowering the box sizes. Any real curve will be fractal only on a certain range
of lengths, since below a length threshold one cannot resolve fractal structures anymore. For this
reason for very small a (smaller of the resolution of the image, or smaller than the typical length
scale above which the structure is fractal) any experimental fractal structure will have Df = 1. Also,
for very large a, the boxes will cover all the surface of the fractal, thus leading to Df = 2. Thus the
fractal dimension can be computed in an intermediate range of box-sizes.
This material is available free of charge via the Internet at http://pubs.acs.org/.
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